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Abstract
Damage identiﬁcation of a thin disk struck by a penetrating projectile is analyzed. The disk is segmented into annular
regions each with diﬀerent properties. The footprint and damage radii form two of several segments in the discretization.
Modal response of the segmented disk is determined by combining transfer matrices of successive annular segments and
dynamic impedance of the central segment. Transient response of the intact disk proceeds by modal analysis until damage
occurs. Following damage, transient response continues for the segmented disk excluding the damaged zone with initial
conditions equal to those of the ﬁnal state of the intact disk at the instant of damage. Peak amplitude of the damaged disk
is smaller than that of the intact disk. This is caused by cessation of the forcing pulse and sudden stress release along the
damaged perimeter. Non-linear coupling with extensional motions reduces peak ﬂexural strain while extensional strain
remains comparatively small.
 2006 Elsevier Ltd. All rights reserved.
1. Introduction
Identiﬁcation of damage from projectile impact on composite panels by remote sensors is becoming a safety
requirement for applications where catastrophic failure is imminent. One method of damage detection is to
aﬃx hard-wired or remotely sensed strain gauges to strategic positions on the panel. Certain features of the
strain histories after impact may reveal position and severity of damage. For thin panels, dynamic strain falls
into two categories:
(a) Flexural strain anti-symmetric about the cross-section neutral plane.
(b) Extensional strain in the plane of the panel produced by non-linear coupling of extensional and ﬂexural
deformations prior to failure.
After impact, high strains may damage the panel in the vicinity of the footprint. The damaged zone
detaches from the remaining panel causing a discontinuity in strain and velocity along the damaged perimeter.
Cessation of the forcing pulse and elimination of the damaged area triggers waves with identiﬁable features
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allowing damage detection. Before reﬂections from the closest boundary, since the forcing function and dam-
aged area are axisymmetric, the panel can be considered a disk. Elimination of the damaged segment raises
modal frequency from two eﬀects; reduction in mass by an amount proportional to the damaged area, and
the elimination of ﬂexural restraint along the damaged perimeter that raises radial wave number and in turn
resonant frequencies.
Since work on linear homogeneous plates is an established topic, reference to earlier work only focuses on
the most pertinent subjects related to the present work and belong to three groups. The ﬁrst group addresses
dynamics of segmented and inhomogeneous plates, the second group addresses non-linear dynamics of thin
plates, and the third group addresses the novel topic of damage identiﬁcation in plates and other structures.
In the ﬁrst group, Farshi et al. (2004) treat static optimization of inhomogeneous non-uniform disks using
Lame’s solution which divides the disk into thin ring elements. El-Raheb (2004) adopts transfer matrices to
study transient response of a capsule made of a thin short cylinder capped by two thin disks.
In the second group, Nath and Alwar (1980) adopt Chebyshev series to analyze the response of ortho-
tropic disks. Dumir and Khatri (1986) adopt an orthogonal collocation method and the Newmark-b scheme
to solve the non-linear equations in terms of transverse displacement and the stress function. Suhir (1992)
uses a one-mode approximation to determine the response from prescribed acceleration at the boundary.
Heuer et al. (1992) use the Kantorovich–Galerkin procedure to treat layered plates, Cheng et al. (1993) ana-
lyze non-linear sandwich plates, and Bhimaraddi and Chandrashekhara (1993) consider laminated plates.
Luo (2000) derives a higher order static formulation from the general 3-D equations that considers a
non-linear distribution of inplane displacement across the thickness applicable to thick plates. Huang and
Shen (2004) consider functionally graded plates. Zhu et al. (2006) consider a micro-mechanics model to
include transverse shear, strain-rate dependence and inelasticity to treat transient response of composites.
Koh et al. (2006) adopt the moving element method to address inplane response of rotating disks. All ref-
erences above exclude extensional inertia by considering the inplane problem to be static. El-Raheb (2002)
includes extensional inertia in treating dynamic instability of a homogeneous disk from a pulse of short
duration.
In the third group, Araujo dos Santos et al. (2000) use the sensitivity to damage of the eigenmode orthog-
onality condition adopting ﬁnite elements. Chen and Bicanic (2000) evaluate damage by association with a
reduction to the element stiﬀness matrix which is equivalent to a scalar reduction in material modulus. Li
et al. (2002) utilize a Rayleigh–Ritz approach to determine the strain modal analysis of the damaged plate.
Huynh et al. (2005) adopt the frequency response functions obtained from a non-destructive test to determine
the change in structural stiﬀness matrix from damage. Ge and Lui (2005) use ﬁnite elements to model the
intact state as well as modal quantities of the damaged state use dynamic properties to identify damage.
All references above rely on post mortem dynamic testing in the frequency domain for evaluating damage.
Masuda et al. (2004) use traveling waves in beams induced by ambient loads. Wait et al. (2004) adopting active
piezoelectric sensors identify plate damage using Lamb wave propagation and impedance methods. Both
methods operate in high frequency ranges (0.3 MHz) at which there are measurable changes in structural
response even for incipient damage including small cracks.
In this work, an analytical model is developed including solid and annular disks. Variable modulus and
density are considered by segmenting the disk into annular regions. Each segment has constant properties that
diﬀer from one segment to another. Segments are combined by transfer matrices relating state variables at the
two boundaries of each segment. Transfer matrices serve two functions; they allow for radial material inho-
mogeneity, and reduce truncation error caused by large wavenumbers among the arguments in the solution
primitives. For prescribed pressure, the calculation proceeds with the intact disk excited by the external pres-
sure until damage occurs. At that instant, the forcing pressure ceases and the intact disk is replaced with an
annular disk whose inner radius is that of the damaged perimeter. Continuity of displacement and velocity at
the time of damage requires that the annular disk be forced by the initial displacement and velocity of the
intact disk at that instant.
For prescribed initial velocity from projectile impact, the central segment radius is set to the projectile’s,
and its density to qe = qphp/h + q where qp, hp are projectile density and height, and h is disk thickness.
The disk is forced by an initial velocity applied to its central segment. The damaged disk calculation follows
the same steps as with prescribed pressure.
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Section 2 develops the ﬂexural dynamics of the segmented intact disk. Section 3 develops the dynamic
process following damage enforcing continuity of variables at the instant of damage. Section 4 develops
the coupled non-linear equations of ﬂexural and extensional motions. Section 5 discusses results from both
ﬂexural and extensional problems for prescribed pressure and prescribed initial velocity.
The model developed in this work assumes that damage in the plate happens instantaneously. In reality,
although damage does not occur immediately following the application of the external excitation, nevertheless
it happens in stages and over a ﬁnite but small time interval. For the model to be valid then requires that this
time interval be much shorter than that from the instant of impact till instantaneous perforation. Conse-
quently, the model is valid for thin plates and projectiles with suﬃciently high striking velocity.
2. Flexural motions of segmented disk
Divide the disk into ms annular segments rsj 6 r 6 rsj+1, 1 6 j 6 ms + 1 enclosing the central segment
0 6 r 6 rs1. Discretize E(r) and q(r) into steps with modulus ðEf ; qf Þ; ðE1; q1Þ; . . . ; ðEj; qjÞ; . . . ; ðEms ; qmsÞ where
(Ej,qj) applies to segment rsj 6 r 6 rsj+1. Mindlin’s axisymmetric equations for the jth segment are
½ðr20  1=c2ejottÞðr20  1=c2sjottÞ þ 12=ðcejhÞ2ottwj ¼ ½1=Dj  ðr20  1=c2ejottÞ=jGjhp ð1aÞ
½Djr20  qjh3=12ottorwj ¼ qjhottwj  p ð1bÞ
r20  orr þ 1=ror
c2ej ¼ Ej=qjð1 m2j Þ; Dj ¼ Ejh3=12ð1 m2j Þ ð1cÞ
where (w,w)j are axial displacement and rotation, p is applied pressure, (E,G,m,q)j are Young’s modulus, shear
modulus, Poisson’s ratio and mass density, h is segment thickness, and j is shear constant. For frequency re-
sponse outside the central segment, the solution to the jth segment is
wjðrÞ ¼ C1jJ 0ðk1jrÞ þ C2jY 0ðk1jrÞ þ C3jJ 0ðk2jrÞ þ C4jY 0ðk2jrÞ
wjðrÞ ¼ d1jðC1jJ 00ðk1jrÞ þ C2jY 00ðk1jrÞÞ þ d2jðC3jJ 00ðk2jrÞ þ C4jY 00ðk2jrÞÞ
dlj ¼ ðk2lj þ x2=c2sjÞ=klj; l ¼ 1; 2
ð2Þ
J0 and Y0 are Bessel and Neuman functions and ( )
0 is derivative with respect to the argument. k1,2j are roots of
the dispersion relation
ðk2j  1=c2ejx2Þðk2j  1=c2sjx2Þ  12=ðcejhÞ2x2 ¼ 0
c2ej ¼ Ej=qjð1 m2j Þ; c2sj ¼ jGj=qj; Gj ¼ Ej=2ð1þ mjÞ
ð3Þ
For the central segment, the solution bounded at the origin is
w0ðrÞ ¼ C10J 0ðk10rÞ þ C30J 0ðk20rÞ
w0ðrÞ ¼ d10C10J 00ðk10rÞ þ d20C30J 00ðk20rÞ
ð4Þ
Moment and shear resultants are
Mrrj ¼ Djðorwj þ mjwj=rÞ; Qrrj ¼ jGjhðorwj þ wjÞ ð5Þ
Substituting (4) in (5) and deﬁning f0 ¼ fQrr;MrrgT0 , g0 ¼ fw;wgT0 yields
f0 ¼ Bf0C0; g0 ¼ Bg0C0 ð6Þ
C0 = {C10,C30}
T, Bf0 and Bg0 are 2 · 2 matrices with coeﬃcients involving the radial functions and their deriv-
atives in (4) and (5). Evaluating (6) at r = rs1 and eliminating C0 yields an impedance relation
f0 ¼ B1g0 ðrs1ÞBf0ðrs1Þg0  Z0g0 ð7Þ
Substituting (2) in (5) and deﬁning fj ¼ fQrr;MrrgTj , gj ¼ fw;wgTj yields
fj ¼ BfjCj; gj ¼ BgjCj ð8Þ
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Cj = {C1j,C2j,C3j,C4j}
T, Bfj and Bgj are 2 · 4 matrices with coeﬃcients involving the radial functions and their
derivatives in (2) and (5). Deﬁning the state vector at an interface as Sj = {fj,gj}
T then evaluating (8) at the two
boundaries of segment j then ﬁnally eliminating Cj determines the transfer matrix of a segment relating Sj(rsj)
to Sj(rsj+1)
Sjðrsjþ1Þ ¼ Tj;jþ1SjðrsjÞ  B1sj ðrsjÞBsjðrsjþ1ÞSjðrsjÞ
Bsj ¼
Bfj
Bgj
 
; Tj;jþ1 ¼
t11;j t12;j
t21;j t22;j
  ð9Þ
Enforcing continuity of fj and gj at interfaces of segments and the impedance relation (7) at the ﬁrst interface
produces a set of ms + 1 tri-diagonal block matrices in the interface state vectors Sj. For the case of three
annular segments and a clamped boundary, the tri-diagonal block system takes the form
I Z0 0 0
t11;1 t12;1 I 0
t21;1 t22;1 0 I 0 0
0 0 t11;2 t12;2 I 0
t21;2 t22;2 0 I 0 0
0 0 t11;3 t12;3 I 0
t21;3 t22;3 0 I
0 0 0 I
2
66666666666664
3
77777777777775
f1
g1
f2
g2
f3
g3
f4
g4
8>>>>>>><
>>>>>>>:
9>>>>>>>=
>>>>>>>;
¼
p
0
0
0
0
0
0
0
8>>>>>>><
>>>>>>>:
9>>>>>>>=
>>>>>>>;
ð10Þ
I and 0 are 2 · 2 unit and null matrices. Re-write Eq. (10) as
TG SG ¼ P ð11Þ
TG is the global transfer matrix in (10) and SG ¼ fS1;S2; . . . ;Sj; . . . ;Smsþ1gT is the global state vector formed
of the ensemble of all interface state vectors. The homogeneous form of (11) yields the eigenvalue problem
det jTGj ¼ 0 ð12Þ
and the eigenset {Uk,xk} with Uk ¼ f/1;k;/2;k; . . . ;/j;k; . . . ;/ms;kgT, /j,k = {uj, gj}k being the kth displacement
eigenvector of the jth segment.
Transient response is determined by expanding the global displacement vector GG ¼ fg1; g2; . . . ; gj; . . . ;
gmsgT in its eigenfunctions
GG ¼
X
k
akðtÞUkðrÞ ð13Þ
Substituting (13) in (1) and enforcing orthogonality of the eigenfunctions produces uncoupled ordinary diﬀer-
ential equations in the generalized coordinates ak(t)
€akðtÞ þ x2kakðtÞ ¼ Nfk=Nkk
Nfk ¼ hUkjpi; Nkk ¼ hhUkjqUki
ð14Þ
xk is the kth mode eigenfrequency.
For prescribed initial velocity Vo from projectile impact, initial conditions of the solid disk are expressed in
terms of generalized coordinates
akð0Þ ¼ 0; _akð0Þ ¼ V oNpk=Nkk
Npk ¼
Z rp
0
u1kqerdr; Nkk ¼
X
j
Z rs;jþ1
rs;j
ðu2jk þ ~r2w2jkÞqjrdr
ð15Þ
where rp is projectile radius, qe is equivalent density of projectile and disk over the footprint qe = qphp/h + q1,
and q1 is disk density there.
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3. Damaged disk from ﬂexural motions
Eq. (14) governs the uncoupled equations in generalized coordinates of the segmented intact disk from a
prescribed pressure pulse. Let subscript ‘‘d’’ denote variables of the damaged annular disk while the solid
disk’s variables remain unsubscripted. Assume that at t = td, the forcing function ceases as the solid disk is
damaged at r = rd and changes to an annular disc with internal radius rd. At t = td, continuity of displacement
and velocity of the jth segment of solid and annular disks is expressed as
X
i
adiðtdÞudjiðrÞ ¼
X
k
akðtdÞujkðrÞ
X
i
_adiðtdÞudjiðrÞ ¼
X
k
_akðtdÞujkðrÞ
ð16Þ
Enforcing orthogonality of the annular disk’s eigenset yields
adiðtdÞ ¼
X
k
NcikakðtdÞ=Ndii
_adiðtdÞ ¼
X
k
Ncik _akðtdÞ=Ndii ð17aÞ
Ndii ¼
X
j
Z rs;jþ1
rs;j
ðu2dji þ ~r2w2djiÞqjrdr
Ncik ¼
X
j
Z rs;jþ1
rs;j
ðudjiujk þ ~r2wdjiwj kÞqjrdr; ~r ¼ h=
ﬃﬃﬃﬃﬃ
12
p
ro ð17bÞ
where the j sum is over the ms annular segments.
4. Coupled non-linear extensional and ﬂexural motions of the segmented disk
Including extensional stresses, the governing ﬂexural equations of an annular segment are
D½ðr2  1=c2eottÞðr2  1=c2sottÞ þ 12=ðcehÞ2ottw hðrrreorrwþ rhheorw=rÞ
¼ ½1 Dðr2  1=c2eottÞ=jGhp½HðrÞ  Hðr  rpÞ ð18aÞ
½Dr2  qh3=12ottorw ¼ qhottw p½HðrÞ  Hðr  rpÞ ð18bÞ
The subscript ‘‘j’’ denoting segment number is dropped for shortness. rrre and rhhe are extensional radial and
circumferential stresses. Eq. (18a) is similar to Eq. (1a) modiﬁed to include the geometric stiﬀness term h(rroorr
w + rhoorw/r). The governing extensional equation is
orrrre þ ðrrre  rhheÞ=r ¼ qottu ð19Þ
where u is radial displacement. The extensional non-linear constitutive law is
rrre ¼ E=ð1 m2Þðoruþ mu=r þ 0:5ðorwÞ2Þ
rhhe ¼ E=ð1 m2Þðmoruþ u=r þ 0:5mðorwÞ2Þ
ð20Þ
In (20), (orw)
2/2 is the non-linear strain coupling extensional to ﬂexural variables. Substituting (20) into (19)
yields
E=ð1 m2Þr21u qottuþ E=ð1 m2Þðorworrwþ 0:5ð1 mÞðorwÞ2=rÞ ¼ 0
r21  orr þ 1=ror  1=r2
ð21Þ
Eqs. (18) and (21) are the coupled non-linear equations for ﬂexural and extensional deformations.
The solution proceeds by expanding w and u in terms of trial functions. One choice is the linearized eigen-
functions of the ﬂexural and extensional problems given by
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w ¼
X
k
akðtÞukðrÞ; w ¼
X
k
akðtÞwkðrÞ
u ¼
X
m
bmðtÞgmðrÞ
ð22Þ
gm(r) in (22) is derived in Appendix A. Substituting (22) in (18) and (21), and enforcing orthogonality of the
linear eigenfunctions determines coupled non-linear equations in the generalized coordinates ak(t) and bm(t)
Niið€ai þ x2i aiÞ þ
X
k
X
m
N ð1Þikmakbm þ
X
k
X
l
X
q
N ð2Þiklqakalaq ¼ Nfi ð23aÞ
Mnnð€bn þ x2nbnÞ þ
X
k
X
l
M ð1Þnklakal ¼ 0 ð23bÞ
Nii ¼
X
j
qh
Z ro
0
ðu2i þ ~r2w2i Þrdr
 
j
; Mnn ¼
X
j
q
Z ro
0
g2nrdr
 
j
N ð1Þikm ¼
X
j
Eh=ð1 m2Þ
Z ro
0
ui½ðg0m þ mgm=rÞu00k þ ðmg0m þ gm=rÞu0k=rr dr
 
j
N ð2Þiklq ¼
X
j
Eh=ð2ð1 m2ÞÞ
Z ro
0
ui½u00k þ u0k=ru0lu0qrdr
 
j
ð23cÞ
M ð1Þnkl ¼
X
j
E=ð1 m2Þ
Z ro
0
gnðu0ku00l þ ð1 mÞu0ku0l=2rÞrdr
 
j
Nfi ¼
X
j
Z ro
0
uipðrÞrdr
 
j
xn are eigenfrequencies of the linearized extensional problem, and subscript j denotes quantities of the jth
annular segment. The second non-linear term in (23a) is dropped since it is of o(w3) while the ﬁrst is of o(wu).
5. Results
Consider a thin composite disk with radius ro = 25 cm, thickness h = 0.36 cm, and equivalent homogenized
material properties
Ee ¼ 6:75 1011 dyn=cm2; qe ¼ 1:55 g=cm3; m ¼ 0:26
Let rd be radius of the damaged perimeter concentric to the disk. For prescribed pressure, rd = 2.54 cm while
for prescribed initial velocity rd = 1 cm. Two forcing functions are considered:
(a) A prescribed trapezoidal pressure pulse of unit intensity applied uniformly over a radius rf = rd and last-
ing 45 ls with 3 ls rise and fall times and 39 ls plateau.
(b) A prescribed initial velocity applied to the disk’s footprint by a steel cylindrical projectile with radius
rp = 0.76 cm, height hp = 2 cm and striking velocity Vo = 300 m/s.
The disk is segmented as follows:
(i) A central segment with rs1 = rp.
(ii) Six equidistant annular segments having
rs2 ¼ rd; rsk ¼ rd þ ðk  2ÞDrs; k ¼ 3; 4; . . . ; 7; Drs ¼ 4:57 cm
For ﬂexural motions excluding extensional stretching, results are presented for two diﬀerent excitations; pre-
scribed pressure and prescribed initial velocity from projectile impact.
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5.1. Flexural motions from prescribed pressure
Fig. 1 plots frequency spectra of the intact and damaged disks when pressure is prescribed. Fixing mode
number m, frequencies of the damaged disk are higher than the corresponding ones of the intact disk with
a diﬀerence increasing smoothly with m. For m = 80, the diﬀerence in frequency is 70 KHz. The stress-free
condition along the damaged perimeter produces a shorter wavelength mode and in turn raises resonant
frequency.
Fig. 2 compares ﬂexural strain histories of intact and damaged disks from the prescribed pressure pulse.
The time of damage is assumed to be td = 20 ls. A frequency independent viscous modal damping 1 = 0.05
is assumed for all results to follow. This value was chosen for replicating experimentally observed late time
oscillations in response. Remote from impact (r > 5 cm), histories start with a short but weak pre-curser with
sign opposite to that of the main strong response that follows. For the intact disk, peak magnitude of radial
and circumferential strain errf, ehhf are comparable (Fig. 2(a1) and (b1)) while for the damaged disk errf is twice
ehhf (Fig. 2(a2) and (b2)). Shear strain is an order of magnitude smaller than extensional strains (Fig. 2(c1) and
(c2)). Both intact and damaged disks (Fig. 2) exhibit a 10 KHz small amplitude oscillation delayed from td.
For the intact disk the delay is 300 ls and the average line is shifted from zero, while for the damaged disk
the delay is 200 ls and the average line is zero. For the present geometry and properties this frequency is
two orders of magnitude higher than the fundamental resonance. As a possible cause, reﬂection is ruled-
out as the travel time of the wave front to and from the boundary is approximately 120 ls. Numerical insta-
bility is also ruled-out since the time integration of Eq. (14) is performed analytically. This narrows down the
cause to the discontinuity in strain and velocity at t = td as it does not appear in the intact disk histories. The
amplitude of this oscillation diminishes with material damping 1. For 1 = 0.05 the amplitude drops to 1/3 its
value for the undamped case. Consequently, eﬀects on response of damage are
(i) Reduction in peak amplitude from pulse cessation and elimination of the damaged zone.
(ii) The average line of the late-time oscillation shifts to zero.
To evaluate the eﬀect of damage alone excluding the eﬀect of pulse cessation, response of intact and dam-
aged disks is computed for a pulse duration equal to the damage time Dtf = td = 20 ls assumed in the calcu-
lation of the damaged disk in Fig. 2(a2)–(c2). In this way the eﬀect of variable pulse width Dtf is eliminated
from the numerical experiment. Fig. 3 compares strain histories of intact and damaged disks for the same pres-
sure pulse lasting Dtf = td = 20 ls. Note the following features:
(a) Peak amplitude of the damaged disk histories is approximately half that of the intact disk.
(b) The average line of the late-time oscillation shifts to zero implying that this shift is caused by material
detachment and not pulse cessation.
(c) Close to the damaged perimeter, rise time of errf, ehhf is shorter.
Ω
  (K
H
z) 400
600
200
damaged
intact
0 20 40 60 80
m
Fig. 1. Flexural frequency spectra of intact and damaged disks excluding projectile mass.
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An explanation that peak strain of the damaged disk is lower than the intact disk follows. Prior to damage,
the central segment transmits a ﬂexural moment along its perimeter to the remainder of the disk. Upon dam-
age, the central segment is eliminated and the damaged perimeter becomes stress-free ceasing transmission of
ﬂexure and reducing strain. This is evident in Fig. 4 that compares time snapshots of the intact and damaged
disk cross-sections after td = 20 ls. Note the reduced curvature close to the damaged perimeter (Fig. 4(a2)–
(e2)) compared to the intact case (Fig. 4(a1)–(e1)). Clearly amplitude reduction from damage is not only
caused by premature pulse cessation as demonstrated in Fig. 2 but also from the sudden stress release along
the damaged perimeter. In the present case, stress release accounts for 50% of the reduction and pulse cessa-
tion for the remaining 50%.
5.2. Flexural motions from prescribed initial velocity
For prescribed initial velocity from ﬁnite mass projectile impact, the model proceeds in the following steps.
For some velocity Vo, strain histories at radial stations in the vicinity of the footprint are computed. At each
station, time at peak strain is determined. The station where the extremum eextr f is attained and its correspond-
ing time determines radius and time of damage rd and td. Since the model is linear and if eextr f is less than
3.E-6
2.E-6
1.E-6
0
 4.E-6
 2.E-6
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0
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(c2)
td
td
td
Δtf
Δtf
Δtf
Fig. 2. Flexural strain histories of intact and damaged disks from prescribed pressure. (—) r/rd = 1.5, (- - - -) r/rd = 3, (––––) r/rd = 4.5.
(a1)–(c1) Intact and (a2)–(c2) damaged td = 20 ls.
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critical failure strain ecrt then damage occurs when Vd = Voecrt/eextr f. For ecrt = 0.04, this procedure when
applied to the present example with rp = 0.76 cm and Vo = 250 m/s yields rd = 1 cm at td = 10 ls.
Details of the procedure presented above are demonstrated in the example to follow. Fig. 5(a)–(c) plots his-
tories within and in the vicinity of the footprint for times soon after impact. errf and ehhf are small within the
footprint and increase outside the footprint. errf peaks at a time depending on r then diminishes smoothly with
t (Fig. 5(a)). This peak increases with r for 1 6 r/rp 6 2 then drops smoothly for r/rp > 2. Its extremum
err extr = 0.038 is reached at t ’ 2.5 ls. In contrast, the ehhf history at r/rp = 1.33 bounds all other histories
(Fig. 5(b)). For t 6 15 ls and r/rp = 1.33, ehhf increases smoothly with t reaching ecrt = 0.04 at t = 10 ls.
Clearly, for Vo = 250 m/s ehhf is the prevailing failure criterion. Fig. 5(c) plots histories of transverse velocity
dw/dt. For r/rp 6 1, dw/dt matches the initial velocity imposed by the projectile of 250 m/s until t = 7 ls then
decreases smoothly with t as projectile momentum is transmitted to the disk. For r/rp > 1, dw/dt rises sharply
to a plateau at a time delayed from that at the footprint’s perimeter. As expected, dw/dt drops along r since
momentum spreads radially to a larger portion of the disk.
Fig. 6 plots frequency spectra of the intact and damaged disks when initial velocity is prescribed and the
eﬀect of projectile mass is included. Although in this case rd is smaller than that for prescribed pressure,
 2.E-6
-1.E-6
1.E-6
0
εrrf
1.E-6
0
εθθf
2.E-7
-1.E-7
0
εrzf
0 100 200 300 400
t  μs
0 100 200 300 400
damaged
t μs
intact
(a1)
(b1)
(c1)
(a2)
(b2)
(c2)
td td
td td
td td
Fig. 3. Eﬀect of damage on ﬂexural strain histories with pressure cessation. (—) r/rd = 1.5, (- - - -) r/rd = 3, (––––) r/rd = 4.5. (a1)–(c1)
Intact Dtf = 20 ls and (a2)–(c2) damaged td = 20 ls.
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the diﬀerence in resonance of intact and damaged disks is greater than that in Fig. 1 following the large ratio
qe/q = 30. For m = 80, the diﬀerence in frequency is 120 KHz. As m increases, projectile’s mass reduces ampli-
tude at the center, which in turn raises wavenumber.
Fig. 7 compares histories of intact and damaged disks from prescribed initial velocity from projectile
impact. One distinctive feature is that for prescribed initial velocity the pre-curser amplitude is greater than
for prescribed pressure (compare Figs. 3–7(b1)–(c1) to (a1)–(b1)). This is caused by the large projectile to disk
density ratio (qe/q 1). As with the case of prescribed pressure, peak amplitude of the damaged disk is smal-
ler than that of the intact disk when r/rd > 3 (compare Fig. 7(a1–d1) to (a2–d2)). As in the case of prescribed
pressure, this is caused by the sudden release in stress along the damaged perimeter and cessation of the forc-
ing function. Moreover, the damaged perimeter snaps converting strain energy to kinetic energy that sharply
raises strain and velocity as evidenced by comparing velocity histories of the intact and damaged disks in
Fig. 7(d1) and (d2). For the damaged disk, peak magnitude of errf is larger than that of ehhf. Shape and features
of histories from prescribed pressure in Fig. 2 resemble those from prescribed initial velocity in Fig. 7 suggest-
ing that the eﬀect of damage on response is independent of excitation method.
Analytical strain histories of a panel including the eﬀect of damage from projectile penetration are com-
pared to experimental histories. Although the exact location of the strain gauges and impact location are
uncertain, an analysis is performed on the panel using approximately the experimental impact velocities.
The goal of this comparison is not to replicate exactly the experimental histories but to reproduce important
features of the strain histories with and without damage thus validating the present simpliﬁed linear model.
Fig. 8(a1) plots measured strain history at 130 m/s remote from impact. The component of this strain depends
on orientation of the gauge with respect to center of impact. The features of the experimental histories
compare favorably with the analytical ﬂexural strain histories shown in Fig. 8(b1) at an impact velocity of
150 m/s. These features are:
intact damaged
(a1)
(b1)
(c1)
(d1)
(e1)
(a2)
(b2)
(c2)
(d2)
(e2)
Fig. 4. Snapshots of intact and damaged disk cross-sections after pressure cessation. (a1)–(e1) Intact Dtf = 20 ls and (a2)–(e2) damaged
td = 20 ls.
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Fig. 5. Flexural histories soon after impact of intact disk in the vicinity of the footprint: (a) errf, (b) ehhf and (c) dw/dt.
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Fig. 6. Flexural frequency spectra of intact and damaged disks including projectile mass.
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(1) Negative pre-curser preceding the pulse of ﬁrst arrival.
(2) Negative average response line following the pulse of ﬁrst arrival.
(3) High frequency oscillations with detectable amplitude 200 ls after impact and peak that is sensitive to
material dissipation. Presently, modal damping is set to 0.05, a value that might be higher than practi-
cally achieved.
In spite of the unavoidable experimental uncertainty and simpliﬁcations in the linear ﬂexural analysis, all
essential features in response are reproduced.
Fig. 8(a2) plots superimposed histories at 2 impact velocities; 145 m/s for an intact disk, and 277 m/s for a
damaged disk. The features identifying damage reproduced in the analytical histories are:
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Fig. 7. Intact and damaged disk ﬂexural histories from prescribed initial velocity. (—) r/rd = 2.5, (- - - -) r/rd = 3.75, (––––) r/rd = 5.
(a1)–(d1) Intact Vo = 150 m/s and (a2)–(d2) damaged Vo = 250 m/s.
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(1) In spite of increased velocity of the damaged case, peak of ﬁrst arrival of the damaged panel edamg
is about half that of the intact panel eintct. This follows by comparing edamg to eintct of the solid and
dashed lines in Fig. 8(a2), and also comparing edamg in Fig. 8(b2) to eintct in Fig. 8(b1) at r/rd = 3.75
or 5.
(2) This trend in peak strain ratio is reversed at positions close to impact as evidenced by comparing the
solid line in Fig. 8(b1) to that in Fig. 8(b2).
(3) Pulse of ﬁrst arrival is wider for the intact panel than it is for the damaged panel.
(4) The average response line shifts to zero.
Clearly, the simpliﬁed ﬂexural model of the damaged disk reproduces the features observed experimentally
thus validating the model.
Experimental error is evident when comparing intact panel histories at 130 m/s (Fig. 8(a1)) and at
145 m/s (Fig. 8(a2)). Although these impact velocities diﬀer only by 15 m/s, the corresponding histories
are noticeably diﬀerent in shape especially at times following pulse of ﬁrst arrival. This discrepancy is
not caused by gauge location since shape of history is insensitive to location as shown in Fig. 8(b1),
nor by partial damage since for the present panel penetration velocity exceeds 250 m/s. In spite of the
experimental uncertainty, the main features distinguishing intact and damaged disks are clearly reproduced
in all experiments namely:
(a) The ﬁrst peak in strain history of the damaged disk is substantially lower than that of the intact disk.
(b) The average line of the trailing oscillation in strain history lies below the time axis while that of the dam-
aged disk is along the time axis.
The signiﬁcance of this observation is that the primary eﬀects of damage on response characterized by the two
eﬀects above are insensitive to the uncertainty in amplitude of response.
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Fig. 8. Comparison of experimental and analytical strain histories. (a) experiment: (a1) 130 m/s intact, (a2) (- - - -) 145 m/s intact, ( )
277 m/s damaged. (b) Analysis: (b1) 150 m/s intact, (b2) 250 m/s damaged. (—) r/rd = 2.5, (- - - -) r/rd = 3.75 and (––––) r/rd = 5.
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5.3. Coupled non-linear ﬂexural and extensional motions
The analysis in Section 4 derives extensional motions produced by large transverse deformations from ﬂex-
ure. To understand the signiﬁcance of extensional coupling, relative magnitude of the coeﬃcients in Eqs. (23a)
and (23b) is presented ﬁrst. For periodic excitation with radian frequency x, Eqs. (23a) and (23b) take the
form
aiai þ
X
k
X
m
N ð1Þikmakbm ¼ Nfi
ai ¼ 1 ðx=xiÞ2; Nikm ¼ N ð1Þikm=ðNiix2i Þ; Nfi ¼ Nfi=ðNiix2i Þ ð24aÞ
bnbn 
X
k
X
l
Mnklakal ¼ 0
bn ¼ 1 ðx=xnÞ2; Mnkl ¼ M ð1Þnkl=ðMnn x2nÞ ð24bÞ
Eliminating bn from (24a) using (24b) yields
aiai þ
X
k
X
q
X
l
X
m
ðN ð1ÞikmMmql=bmÞakaqal ¼ Nfi ð25Þ
Eq. (25) states that the non-linearity is cubic in the ﬂexural generalized coordinate ai with coeﬃcients
ðN ð1ÞikmMmql=bmÞ and magnitude that depends non-linearly on the excitation Nfi. Fixing i, for each row k
the maximum element N ð1Þikmax of the matrix N
ð1Þ
ikm is close to the diagonal k = m. Fig. 9(a) plots
log10jN ð1Þikmaxj versus i with parameter k for k = 1,8,15, . . . , 36. N ð1Þikmax drops steeply with i and rises smoothly
with k. For i < 10, N ð1Þikmax is of O(10
2). The rise with k is caused by the derivatives of uk in the integrand (see
Eq. (23c)) that are proportional to a power of wave number. This trend also applies to log10jMnkmaxj in
Fig. 9(b). For small wave number, jMnkmaxj is four-orders of magnitude smaller than jN ð1Þikmaxj because exten-
sional resonance xi is 2 orders of magnitude higher than ﬂexural resonance xi (refer to the deﬁnitions of N
ð1Þ
ikm
and Mnkl in (24a) and (24b)). This diﬀerence diminishes as wave number increases and the two become com-
parable when i > 20.
To evaluate the eﬀect of non-linear coupling from extensional motions, response of the intact disk is com-
puted from prescribed pressure with footprint rf = 0.76 cm and trapezoidal shape the same as that in Section
5.1. Plateau magnitude is multiplied by 105 in order to reach peak strains close to ecrt. In the non-linear anal-
ysis to follow, 80 modes were suﬃcient to achieve convergence of the solution. Fig. 10 compares ﬂexural his-
tories of the linear case with those of the non-linear case. The non-linear w histories (Fig. 10(a2)) achieve
smaller magnitudes than their linear counterparts because of geometric stiﬀness. Also, non-linear peak
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Fig. 9. Distribution of coupling coeﬃcients with mode number. (a) log10jN ð1Þikmaxj and (b) log10jM ð1Þnkmaxj.
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response is reached 50 ls after impact in contrast to the linear case where a plateau is reached persisting for
t > 400 ls. Furthermore, peaks of the non-linear errf and ehhf histories are almost half those of the linear vari-
ables (compare Fig. 10(b1,c1)–(b2,c2)) because of geometric stiﬀness. The same applies to velocity histories
comparing Fig. 10(d1)–(d2).
Fig. 11(a)–(c) plots non-linear extensional histories of u, erre, ehhe and du/dt for the case above. Peaks of all
extensional variables are an order of magnitude lower than their ﬂexural counterparts in Fig. 10. Also, exten-
sional variables become negligible for t > 100 ls implying that non-linear coupling is only important at times
when displacement is suﬃciently large as it appears in Fig. 10(a2). Consequently, even when strains reach val-
ues close to critical, extensional strain from non-linear coupling does not aﬀect magnitude of measured strain
as much as it aﬀects shape and peak of ﬂexural response.
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Fig. 10. Linear and non-linear ﬂexural histories from prescribed pressure. (—) r/rd = 2.5, (- - - -) r/rd = 3.75 and (––––) r/rd = 5. (a1)–(d1)
Linear and (a2)–(d2) non-linear.
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6. Conclusion
The eﬀect on response of circular damage in a disk is studied adopting modal analysis of a solid segmented
disk prior to damage changing to a segmented annular disk after damage. For purely ﬂexural motions, the
principal features distinguishing the damaged disk are:
(1) Peak amplitude of ﬁrst arrival pulse drops from cessation of the pressure pulse and sudden release in
stress along the damaged perimeter.
(2) Rise time of ﬁrst arrival pulse is shorter and its width is narrower.
(3) Peak amplitude increases sharply from snapping at the instant of damage.
(4) Precursor peak rises.
(5) Following ﬁrst arrival wave, average response line shifts to zero.
(6) Non-linear coupling from extensional motions does not aﬀect magnitude of measured strain but reduces
peak response and its shape from geometric stiﬀness.
Appendix A. Extensional eigenproblem of segmented disk
For harmonic motions in time with radian frequency x, the extensional solution of the linearized Eq. (4)
yields
uðrÞ ¼ d1J 00ðbrÞ þ d2Y 00ðbrÞ
b ¼ x=ðxoroÞ; xo ¼ ce=ro
ðA1Þ
For the central segment 0 6 r 6 rs1, the second term in (A1) drops for boundedness yielding
u1ðrÞ ¼ d1J 00ðb1rÞ
rro1ðrÞ ¼ d1E1=ð1 m21Þðoru1 þ m1u1=rÞ ¼ d1E1=ð1 m21Þðb1J 000ðb1rÞ þ m1J 00ðb1rÞ=rÞ
ðA2Þ
Evaluating (A2) at r = rs1 then eliminating d1 yields the extensional impedance relation of the central segment
rro1ðrÞ ¼ ZIu1ðrÞ
ZI ¼ E1=ð1 m21Þðb1J 000ðb1rs1Þ þ m1J 00ðb1rs1Þ=rs1Þ=J 00ðb1rs1Þ
ðA3Þ
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Fig. 11. Non-linear extensional histories from prescribed pressure. (—) r/rd = 2.5, (- - - -) r/rd = 3.75 and (––––) r/rd = 5.
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For the jth segment, deﬁne SIj ¼ frro; ugTj where dj ¼ fd1; d2gTj . Substituting (A1) in (3) yields
SIj ¼ BIjdj
BI11j ¼ Ej=ð1 m2j ÞðbjJ 000ðbjrÞ þ mjJ 00ðbjrÞ=rÞ
BI12j ¼ Ej=ð1 m2j ÞðbjY 000ðbjrÞ þ mjY 00ðbjrÞ=rÞ
BI21j ¼ J 00ðbjrÞ; BI22j ¼ Y 00ðbjrÞ
ðA4Þ
Evaluating (A4) at the two boundaries of segment j and eliminating dj determines the extensional transfer
matrix TIj,j+1 of a segment relating SIj(rsj) to SIj(rsj+1)
SIjðrsjþ1Þ ¼ TIj;jþ1SIjðrsjÞ  B1Ij ðrsjÞBIjðrsjþ1ÞSIjðrsjÞ
TIj;jþ1 ¼
t11;j t12;j
t21;j t22;j
  ðA5Þ
Enforcing continuity of rroj and uj at interfaces of segments and utilizing the impedance relation (A3) at the
ﬁrst interface produces a set of ms + 1 tri-diagonal block matrices in the interface state vectors SIj. For the case
of three annular segments and a clamped boundary, the tri-diagonal block system takes the form
1 ZI 0 0
t11;1 t12;1 1 0
t21;1 t22;1 0 1 0 0
0 0 t11;2 t12;2 1 0
t21;2 t22;2 0 1 0 0
0 0 t11;3 t12;3 1 0
t21;3 t22;3 0 1
0 0 0 1
2
66666666666664
3
77777777777775
rro1
u1
rro2
u2
rro3
u3
rro4
u4
8>>>>>>>><
>>>>>>>:
9>>>>>>>>=
>>>>>>>;
¼
rro
0
0
0
0
0
0
0
8>>>>>>>><
>>>>>>>:
9>>>>>>>>=
>>>>>>>;
ðA6Þ
Re-write Eq. (A6) as
TIG SIG ¼ P ðA7Þ
TIG is the global transfer matrix in (A6) and SIG ¼ fSI1;SI2; . . . ;SIj; . . . ;SImsþ1gT is the global state vector
formed of the ensemble of all interface state vectors. The homogeneous form of (A7) yields the eigenvalue
problem
det jTIGj ¼ 0 ðA8Þ
and the eigenset fNk; xkg with Nk ¼ fg1;k; g2;k; . . . ; gj;k; . . . ; gms;kgT, being the kth displacement eigenvector of the
jth segment.
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